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In this memory, we are studying the existence of solutions for nonlinear fourth-
order boundary value problem. We give sufficient conditions that allow us to obtain
the existence of solution. By using the Leray-Schauder nonlinear alternative and
Leray-Schauder fixed point theorem, we prove the existence of positive solution of
the posed problem in chapter 2. We prove also the existence at least one nontrivial
solution for boundary value problem, the main tool used in the proof is the Leray-
Schauder nonlinear alternative in the last chapter 3.
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General Introduction

Boundary value problems for ordinary differential equation play a very im-
portant role in both theory and applications. They are used to describe a large
number of physical sciences, engineering, biological and chemical phenom-
ena. For examples, a second-order three-point (BVP) is used as a model for
the membrane of a spherical cap in nonlinear diffusion generated by non-
linear sources and in chemical reactor theory, and third-order three-point
boundary value problem is represented in population dynamics, the process
of heat conduction, control theory, and we find it also in the deflection of a
curved beam having a constant or varying cross section, a three-layer beam,
electromagnetic waves or gravity driven flows, see ([13], [20]). Also the de-
formations of an elastic beam are described by a fourth-order differential
equation, often referred to as the beam equation ([17]), for Some other results
on fourth-order boundary value problem to study the existence or nonexis-
tence or positivity of solution by using several different methods for example
tixed point theorems in cones, Leray-Schauder nonlinear alternative, Leray-
Schauder fixed point theorem, and Krasnoselskii’s fixed point theorem, we
refer the reader to the papers ([3], [4], [7], [8], [11], [12], [14], [18], [19], [23]).
This work consists of three chapters.

e In the chapter 1.

In this chapter which is represented in a general introduction that in-
cludes all preliminaries and materials needed, we given basic defini-
tions, important notions, lemmas, and theorems used in this work. We
have divided this chapter into two main parts.

1. Functional analysis.

2. Fixed-point theorems.

See ([1], [5], [6], [9], [10], [15], [16], [21], [22]) and references there is
for more details.

e In the chapter 2.

In this chapter, derived from ([17]), we consider the fourth-order bound-
ary value problem of the form

uM(t) = q(t) f(t,u(t), ' (1), (), u"(t)), 0<t<I1, "

where ¢ : [0.1] — [0.00), f : [0.1] x [0.00) x [0.00) X (—00.0] X (—00.0] —>
[0.00) are continuous, motivated by this work, we investigate the ex-
istence of positive solutions for fourth-order boundary value problem



(FBVP) (1), we give sufficient conditions that allow us to obtain the ex-
istence of least one positive solution of SBVP (1), by using main tool
in the proof which are the Leray-Schauder nonlinear alternative and
Leray-Schauder fixed point theorem. In the main section of this chap-
ter, we assume that ¢(¢) = 1 and the corresponding Green'’s function is
nonnegative, we present our main results which consists of two basic
theorems, theorem 2.2.2 and theorem 2.2.4 to prove the existence of at
least one positive solution to the FBVP (1). Finally, as an application, we
give an example to illustrate the results we obtained in theorem 2.2.2.

In the chapter 3.

In this chapter, derived from ([2]), we consider the fourth-order three-
point boundary value problem having the following form

u®(t) + f(t,u(t) =0, 0<t<l,
2)

"

u(0) =0, «" (0)=u"(0)=0, u(1)=au'(n),

wheren € (0,1),a € R, a #1, f € C([0,1] x R,R).

To study this boundary value problem (BVP) (2), we used Leray-Schauder
nonlinear alternative to prove the existence of solution of the posed
problem. We adopted some theorems and corollary for prove the ex-
istence of least one nontrivial solution of the BVP (2) and we set all
sufficient conditions that allow us to obtain the existence of solution.
In theorem 3.3.1, we assumed that the conditions f(¢,0) # 0, o # 1,
|f(t,z)| < k(t)|x| + h(t),and M < 1 such that M is a positive constant,
to prove that the BVP (2) has at least one nontrivial solution. In theorem
3.3.2, we assumed the same conditions of the previous theorem with
changing condition « < 1 and formula for M, under the light these data
we established four conditions to prove that BVP (2) has at least one
nontrivial solution. Then in theorem 3.3.3, we took the same conditions
with adding a change on a > 1 and on formula the M, depending on
these changes we have assumed four new conditions to prove the same
existence of the above problem. In corollary 3.3.4, we take the same con-
ditions of the theorem 3.3.2 with changing the format M by assuming a
value 1 = 1, of these assumptions we offer three conditions to prove the
existence of at least one nontrivial solution of the BVP (2). In corollary
3.3.5, We are based on the conditions mentioned in theorem 3.3.3 with
taking a new formula of M by assuming a value n = 1, depending on
these data we established also three conditions to prove the existence
of solution of the posed problem. Finally, we give some examples to
illustrate the results obtained in theorem 3.3.1 and theorem 3.3.2.



Chapter 1

Preliminaries

All assertions in the first chapter are made without proofs and the scope has
been minimized to only material actually needed.

1.1 Functional Analysis

1.1.1 Holder’s inequality

Notation: Let 1 < p < oo, we denote by ¢ the conjugate exponent,
1 1
S+ =1
p g

Assume that f € LP(€2) and g € L9(2) with 1 < p < oo and (2 is a bounded

open subset. Then (fg) € L' and

1£gll < I£1lp llglla-

1.1.2 Normal Cones

Let £ be a real Banach space. A nonempty closed convex set P C FE is called
a cone of I if it satisfies the following two conditions
(i) x € P,A>0implies Az € P,
(i1) x € P,—x € Pimplies z = 0, where 0 denotes the zero element E.
Every cone P in F and for all z, y € P defines a partial ordering in F given
by
r <y ifandonlyif y—x € P.

Definition

Suppose P is a cone in a Banach space E. The map % is a nonnegative con-
tinuous concave functional on P provided ¢ : P — [0, c0) is continuous and

Ytz + (1 —t)y) > t(z) + (1 — 1)¢(y)

for all z,y € P and t € [0, 1]. Similarly, we say the map ¢ is a nonnegative
continuous convex functional on P provided ¢ : P — [0, 00) is continuous
and

otz + (1= t)y) < tp(z) + (1 - t)e(y)
forallz,y € Pand ¢ € [0, 1]
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1.1.3 Non-Linear Operator

A mapping of a space (as a rule, a vector space) X into a vector space Y over
a common field of scalars that does not have the property of linearity, that is,
such that generally speaking

A(O[llEl + 0425172) 7é O[lAl'l + OZQAJ]Q.
If Y is the set R of real or C of complex numbers, then a non-linear operator
is called a non-linear functional.

1.1.4 Compact Operators
A bounded operator T' € L(E, F) is said to be compact if 7'( Bg) has compact

closed in F'.

The set of all compact operators from E into F' is denoted by K(E, F'). For
simplicity one writes K(E) = K(E, E).
1.1.5 Operator Completely Continuous
An operator T' : E — E'is called completely continuous if it is continuous
and maps bounded sets into relatively compact sets.
1.1.6 Convex Sets

Let u,v € V. Then the set of all convex combinations of v and v is the set of
points
{(VAe01]: w=(1=-Nu+ I, 0<A<1}.

Next, is the notion of a convex set.

1.1.7 Precompact Set

A subset in a topological space is precompact if its closed is compact.

1.2 Fixed-Point Theorems

1.2.1 Schauder Fixed Point Theorem

Let X be a Banach space and let K C X be a compact and convex subset. If
f+ K — K is continuous, then f has a fixed point.

Corollary

Let K be a closed, bounded and convex subset of X and let f : K — K be
compact. Then f has a fixed point.
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1.2.2 Leray-Schauder Nonlinear Alternative

Let E be a Banach space and (2 be a bounded open subset of £, 0 € Q. T :
Q) — E be a completely continuous operator. Then, either

(1) there exists u € 992 and A > 1 such that 7'(u) = Au, or

(ii) there exists a fixed point u* € Q of T..

1.2.3 Theorem (Leray-Schauder Nonlinear Alternative)

Let E be a Banach space, C' a closed, convex subset of E, U an open subset
of C'and p € U. Suppose that F' : U — (' is a continuous, compact (that is,
F(U) is a relatively compact subset of C) map. Then either

(A1) F has a fixed point in U, or

(A2) there is a u € 9U (the boundary of U in C) and A € (0,1) with

u=AF(u)+ (1 - Mp.

1.2.4 Arzela-Ascoli Theorem

A subset M of C([a,b], R") is relatively compact if and only if it is bounded
and equicontinuous.

1.2.5 Arzela-Ascoli Theorem

If a sequence { fm},en in C(K) is bounded and equicontinuous then it has a
uniformly convergent subsequence.

1.2.6 Arzela-Ascoli Theorem

Let (K, d) be a compact metric space, (E, ||.||) a Banach spaceand A C C'(K, E).
Then A is relatively compact in (C(K, E), ||.||«.x) if and only if the two con-
ditions below are satisfied:

(a) A is equicontinuous, ie, for all z € K and for all ¢ > 0 there is a
neighborhood V' C K of z such that || f(z) — f(v)| <€, Yy € V,Vf € A4,

(b) A(x) :={f(z), f € A} isrelatively compactin FE.






Chapter 2

Existence Of Positive Solution For
Nonlinear Ordinary Differential
equations

2.1 Introduction

In this chapter, we study the existence of positive solutions for the fourth-order
boundary value problem of the form

u® () = q(t) f(t,u(t), o' (), u" (), " (t), 0<t<1, (2.1)

and the boundary conditions

!/ 1" "

u0)=u(1)=u (0)=u (1)=0 (2.2)
where ¢ : [0.1] — [0.00), f : [0.1] X [0.00) X [0.00) X (—00.0] X (—00.0] — [0.00)
are continuous, we give sufficient conditions that allow us to obtain the existence of
positive solution. The main tool used in the proof is the Leray-Schauder nonlinear

alternative and Leray-Schauder fixed point theorem. As an application, we also
given an example to illustrate the results obtained.

2.2 Mains results

In this section, we have given some lemmas, theorems, and we shall impose
growth sufficient conditions on f which allow us to apply Leray-Schauder
nonlinear alternative and Leray-Schauder theorem to establish the existence
of at least one positive solution to problem (2.1), (2.2). We assume that ¢(t) =
1.

2.21 Lemma

Let E = {u € C?¥0,1] : u(0) = «/(1) = v”(0) = 0} be the Banach space
equipped with the maximum norm

[lul] = maz{[ulo, [w'|o, [u"]o, [u"]o}
|ulp = mazo<i<1|u(t)|, Then for any u € E, we have

"

1 1
lull = [u"lo , Julo < Zllull  [u'lo < Fllull and [u"lo < [Jul]



Chapter 2. Existence Of Positive Solution For Nonlinear Ordinary Differential
equations

if | fu| = [u®]o

Proof. Let H(t,s) be the Green’s function of third-order homogeneous
boundary value problem

—u"(t) =0, telo,1]

Then
12t -2 —s%), 0<s<t<I1,

H(t,s) = (2.3)
(1—s)t, 0<t<s<lL

First, we shall determine the Green’s function. We have
—u"(t) =0, for t €]0,1], with w(0)=1'(1) =u"(0) = 0.
Integrating from 0 to 1, we get
u(t) = a+ Bt + %, avec a,B,7€R

Then the Green function is the form

a; +agt +azt?, 0<t<s<lI,
H(t,s) =
by +bot +bst?, 0<s<t<1,

with ay, as, as, by, by, b3 are continuous functions of s.
So, the boundary conditions, we obtain

H(0.s) = H"(0.s) =0

i.e.

a; = ag = 0
and

H'(1.s) =0
i.e.

by + 2b3 = 0,

we pose ¢, = b, — ai, (k = 1,2, 3), and the system for linear equations

c1 + cas +c38® =0,

co + 2c35 = 0,
C3 = —1
implies
1, 1
Cl = —=S8 Co = S — —
1 9 ) 2 ) C3 27
and X X
CL2:1—S, bl :_5827 b2:].; b3:_§
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Then the Green function is given by

20—t —5%), 0<s<t<1,
H(t,s)

(1—s)t, 0<t<s<l,
Thus
5 (1-1), 0<s<t<l,
t (1—s), 0<t<s<lI,
82 _17 0§5§t§17
t 0, 0<t<s<l,
By (2.3) it is easy to know that
H(t,s) >0 gH(t s) >0 a—QH(t 5) <0 (2.4)
Y — Y 8t ? — Y 8t2 Y — *
and
1 1 1 1
/ |H(t,s)|ds = / H(t,s)ds = ——t* + ~t
0 0 6 2
Lo, 19 1 1
—H(t,s)|d :/ —H(t,s)ds = —=t* + =
/0 o 1ol = o Gttt s)ds = =51+ 5
0? 1 92
—H(t,s)|ds = — @H(t s)ds =t
From which we get
1 1 119 1
Org%:l/o |H(t,s)|ds = 3 Org%:l/o aH(t, s)|ds = Y
1] H?
52%1/ or? H(t, 5)\ds = 1.
Letu € E and ||u|| = p,
1 19
u(t) :/ H(t,s)[—u"(s)]ds, u'(t) = H(t,s)[—u"(s)]ds,
0 o Ot
u(t) = 1 a—zﬂ(t s)[—u"'(s)]ds
0o o2
Thus
1
" " n
lulo <0n<13<x1/ (H(t, 8)||u"(5)|ds < [u"]o max/ \H(t,5)|ds = —\u o
|u'|p < max H(t,s)||u"(s)|ds < |u"|o max /1 QH(t s)|ds = 1]u’”|
0= o<i<i Oo<i<ifo lot™ "\ =51t o
[u"]p < max /1 —QH(t s)||u"(s)|ds < |u""|p max /1 a—211_7(15 s)|ds = |u"|
0 0<t<1 Ot2 ! 00<t<1 0 | Ot2 ) = 0

So, [u®]y = |Jul| = p, and the proof is completed
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2.2.2 Theorem

Suppose that f € C([0,1] x [0,400) x [0,400) X (—00, 0] x (=00, 0], [0, 4+00))
and f(¢,0,0,0,0) £ 0,t € [0, ] Suppose there exist nonnegative functions
a; € L'0,1],i=0,1,2,3,4, such that

Lt 1 st 1 1
= 3/0 ao(S)ds+§ ; a1(s)ds+/0 ag(s)ds+/0 as(s)ds < 1, (2.5)

and for any (t, g, a1, a2, a3) € [0, 1] x [0, £] x [0, 5] x [—p, 0] x [—p, 0], f satisfies
f(t, a0, a1, 00, a3) < ag(t)ag + ar(t)on — az(t)as — as(t)as +aq(t),  (2.6)

where p = A(1 — B)™!, A = [} as(s)ds .Then problem (2.1), (2.2) has at least
one positive solution u* € C*([0, 1]) such that

3 max u*(t) < 2 max (u*)' (¢t) < max[—(u*)"(t)] < max|[—(u*)"(t)] < p.

0<t<1 0<t<l — 0<t<1 — 0<t<1

Proof. Since f(¢,0,0,0,0) # 0 and |f(¢,0,0,0,0)| < a4(t),t € [0, 1], we have
A = [y as(s)ds > 0, so, it follows from (2.5) that p > 0. From equation (2.1)
and boundary condition u®(1) = 0, we have

1
= — [ £ u(n) ol () (), " ()
which implies that
1 1
u(t) = [ H(ts) [ fru(e), o (0) (7). u" (7)drds, ¢ e [0,1],
where H(t,s) is defined by (2.3). Let Q, = {u € E : ||[u]| < p}, then Q, is a

bounded closed convex set of £ and 0 € (,. For u € 2,, define the operator
T by

(Tw)(t) / ts/fTu (r), " (), " (7))drds, te0,1] (2.7)

Then

(Tu)(t) lgt (t, 5) /S1 £l u(r) (1), o (7),0” (7)) drds, ¢ € [0,1],
(Tw)" (t) = 01 thH(t,s) / (), () (), u () )drds, € [0,1],

(Tw)"(t) = —/t f(ru(r), ' (1), 4" (7),u" (1))dr, te]0,1].

So, (Tw)(0) = (Tw)'(1) = (Tw)"(0) = (T'w)"(1) = 0. Therefore, T" : Q}, — E.
By Ascoli-Arzela Theorem, it is easy to know that this operator 7" : 2, — E
is a completely continuous operator. So, the problem (2.1), (2.2) has a solu-
tion u = u(t) if and only if u solves the operator equation 7u = u.

Let us prove 7" is completely continuous, we have Q, = {u € £ : ||u]| < p}
is a bounded closed convex set of E. We shall prove that 7'((2,) is relatively
compact. The proof will be done is some steps.
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(i) Letu € Q,, we have by (2.7)
Tt = | [ H5) [ £ () (), (), (7))

< [F18) [ 1)l (7)), () ds
< [1H@) [ 17 ()l ), (0) () rds
§max/|Hts|maX/]fTu (7), 4" (1), u" (7)) |drds

0<t<1 0<s<l1

< s [ @) [ 170 ) (7)) drds

0<t<1
According to (2.6), we find |Tu(t)|

< max/ (H(t, s |/ lao(£)u(T)+an () (T)—as ()" (7) —as ()" (7)+aa(t)|drds

0<t<1

By Lemma 2.2.1, we get |T'u(?)|

1 1
< max/ H(t, s)|/0 ao(®)[ulo + ar(B)e|o + as(B)|u” o + as(t)|u”|o + aa(t)drds

0<t<1 Jo
1 11 1
< Olgtagg/ | H(t, 8)|/ (zao()||lul|+5 a1 (@)]|ull+az(t)|lul|+as(t)[|ul+as(t))drds
<t<1Jo 0o 3 2
Letuw € F and |lu|| = p. Then |Tu(t)|
1 1 /1 1 1 1 1
< max/ |H(t, s)|((§/ aO(T)dT+§/ al(T)dT-f-/ a2(T)dT+/ asz(7)dr)p
0 0 0 0

0<t<1 Jo

+ /01 ay(7))drds

By (2.5), we obtain

|Tu(t)] < max /1 |H(t,s)|(Bp+ /01 as(T)dT)ds

0<t<1
1
— max /0 \H(t,5)(Bp + A)ds
We have p = A(1 — B)™}, s0
1
Tu(®) < max [ |H(t.9)|(Bp+ (1= B)p)ds

0<t<1
1
= pggcgg/ |H(t, s)|ds

Therefore
[Tu(t)] <

Wi
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Consequently 7'((€2,) is uniformly bounded.

(i7) Let us prove that T'((€2,) is equicontinuous. Let ¢1,t, € [0,1],t; <
ta,u € Q,. We have

Tu(ty) — Tu(ty)] = | /0 Hit,s) / (), (), (), (7)) drds—

/0 " H(t, 5) / () (7), (), (7)) ds|

Tu(ty)—Tu(ts)] = | /0 H (b, $)—H(t, 5)) / () (), (), (7)) ds|

Thus from (2.3), we have

t1 ] 1 ta 1
Tu(ts) = Tu(ty)| < U St — 8= )ds+ (1—s)t1ds/ S (2t — 3= s)ds
0 0

+ 1(1 — S)t2d8:| /01 f(ru(r), ' (1), d"(7), " (1))dr

to
Therfore,
to ]_ 9 9 to
’T’U/(t1> — TU(t2)| S |:/t 5[2(151 — tg) — (tl - t2)]d8 + \ (1 - 8)(t1 — t2)d8
1 1
1
| F (o) () (), o () dr
0
Letting t; +— t5, then |Tu(t;) — T'u(t)| tends to 0. Consequently 7°(2,) is
equicontinuous, we deduce that 7" is completely continuous.

Suppose there exists u € 02, A > 1 such tat Tu = Au .Noticing that
||u|| = p it follows from Lemma (2.2.1) that

1 1
|lug| < 3P |ug| < 3P lugl < p, Jug'| = p.

Thus from (2.5), (2.6) and (2.7), we have

Ap = Allull = [|Tul| = max [u" (1)
- /1 f(s,u(s),u'(s),u"(s),u"s))ds
= max /tl f(s,u(s),u'(s),u"(s),u"s))ds

= (s,u(s),u'(s),u"(s),u"s))ds

= max
0<t<1

< /01 [ao(s)u(s) + ar () (s) — as(s)u”(s) — az(s)u”(s) + a4(s)]ds
= /01 [;ao(s)ﬂ + ;m(S)ﬂ + ax(s)p + az(s)p + as(s)|ds

— B /01 ao(s)der;/ol al(s)ds+/01 aQ(s)ds+/01 ag(s)ds]er/Ol as(s)ds
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= Bp+A=DBp+(1—B)p=np.

a contradiction. So, by Theorem (2.2.2), T’ has a fixed point u* € E whichis a
solution of the problem (2.1), (2.2). Noticing that f(¢,0,0,0,0) # 0, we assert
that v = 0 is not a solution of the problemn(2.1), (2.2) ,therefore |u*|y > 0
It follows from (2.4) that u*(¢) is nondecreasing and concave on [0, 1], thus
u*(t) > tlu*|o > 0 for ¢ € [0,1], i.e., u*(¢) is a positive solution of the problem
(2.1), (2.2). This completes proof.

2.2.3 Lemma

The Green’s function of the fourth-order homogeneous equation v (t) = 0,
t € [0,1], with boundary condition (2.2) is

L (6t—3t2—sYs, 0<s<t<1,
G(t’s)_(j{ (6s —3s2—2)t,, 0<t<s<l, (2.8)
and for any ¢, s € [0.1],
G(t,s) >0 gG(t ) >0 a—2G(t 5) <0 a—BG(t s) <0 (2.9)
’S — ’ at 78 — Y 8t2 Y — Y 81:3 Y — *

Proof. We have
u""(t) =0, for t €]0,1],

w(0) =u'(1) = " (0) =u""(1) = 0.
Integrating from 0 to 1, we get
u(t) = a+ Bt +~yt* + 6t*, avec o, B,v,5 € R.
Then the Green function is the form
a; + ast + ast® +ast3, 0<t<s<1,
G(t,s) =
b1+b2t+b3t2+b4t377 OS Sgté 17

which ay, as, as, aq, by, b, b3, by are continuous functions of s.
Thus from the boundary conditions, we obtain

G(0.s) =G"(0.s) =0

i.e.
a; = as = 0
and
G'(1.s)=G"(1,5) =0
i.e.

by + 2by = by = 0,
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we pose ¢, = by, — ay, (k = 1,2,3,4), and the system for linear equations

c1 + 95 + 382 + ¢45° =0
Co + 2c35 + 3c482 = 0

2c3 + 6¢c45 =0
6C4 = 1,
implies
14 1, 1 1
cp = —=5§ Cy = =8 3 =—=8, C41=—
1 ) 2 2 ) 3 ) 4 67
and ) ) ) X
a2 = $§ — 5527 a4 = 6 by = —633, by =35, by=—3s

Then the Green function is given by

6t —3t2 —s?)s, 0<s<t<l,
1
G(t’s):—
(6s—3s?—tH)t, 0<t<s<1

Then
5 L [ (6—060)s, 0<s<t<l,
§G<t, 8) = 6
¢ (6s—3s2—312), 0<t<s<l,
—06s, 0<s<t<1
82 1 ) >0 x>t x> 4,
ﬁG(t, S) = —
t 6, 0<t<s<I,
Pt 0, 0<s<t<l,
%G(t, S) =
—1, 0<t<s<l,
The completes proof.

2.24 Theorem

Assume that f € C([0,1] x [0,400) X [0, 4+00) X (—00,0] X (—00,0], [0, 400))
and f(¢,0,0,0,0) # 0, t € [0,1]. Suppose that there exists positive number
d > 0 such that

max{f(t,uo,ul,UQ,u;J,) : <t7u07u17u27u3> S {07 1] X [Oad]
8 24 24

X[0, 2] [—152d, 0] x [ d.0)} < T (2.10)

Then the problem (2.1), (2.2) has at least one positive solution u* € C*(]0, 1])
such that:

0<u'(t)<d, 0<(@)(t)<



2.2. Mains results 15

Proof. From (2.8) and after direct computations, we easily get

1 1 1, 1, 1
/ \G(t,s)]ds:/ G(t,s)ds = —t* — 3+ ¢,
0 0

24 6 37
110 _[to 1y 1, 1
/0 aG(t,s) ds-/o GtG(t’ s)ds = 6t 275 + 3
0? 192 1,
—G(t,s)|ds = — ; @G(t,s)ds = _it +1,
ok 193
—G(t,s)|ds = — ; %G(t s)ds =1—t.
So, 5
1 ) 1 1
gg%xl/o |G(t,s)|ds = o0 Org%)%/o aG(t,s) ds = 3
192 1 193
Org?g;l/o ﬁG(t, s)|ds = 2 Org%xl/o %G(t, s)lds = 1.

Now we consider the Banach space £ = C?(|0, 1]) equipped with the norm

12 24 ,,,’0}

Jull = maz{ o, o'l el - @11)

where |u|0 = IMaXp<¢<1 |u(t)|
For u € E, define the operator T by

(Tu)(t) = /01 G(t,s)f(s,u(s),u' (s),u"(s),u"(s))ds, te€]0,1]. (2.12)

Then
_ /01 gta(t, §) [ (s, u(s), o (s), 0" (), u"(s))ds, ¢ € [0,1],
(Tw)"(t) = aatgG(t s)f(s,u(s),u/(s),u"(s),u"(s))ds, t€0,1],
(Tw)"(t) = g;G(t s)f(s,u(s),u'(s),u"(s),u"(s))ds, t€0,1].

So, (Tw)(0) = (Tu) (1) = (Tw)"(0) = (Tw)”(1) = 0. Therefore, By Ascoli-
Arzela Theorem, it is easy to known that this operator 7' : /' — Eis a
completely continuous operator. Problem (2.1), (2.2) has a solution u = u(t)
if and only if u is a fixed point of operator 7" defined by (2.12).

Remarque. For prove that the operator 7" is completely continuous, we ap-
ply the same method of the previous proof of Theorem 2.2.2.

Let

Qu={ue E:|jul|<d u(t) >0, () >0, u"(t) <0, u"(t) <0, t€[0,1]},
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then 2, is a bounded closed convex set of E. If u € 0, then by (2.11) we
24

have g 19
|u0| S d7 |u6| S gd’ g| S gdv | ”/| <
which implies
8 12 24
0 <u(t) <d, ogu’(t)ggd, ——d<u'(t) <0, ——d<d"(t)<0, te]|0,1].

Thus (2.10) implies
Ftut),u'(t),u"(t), u"(t)) < Q;d, t€0,1].

Therefore,

/ LGt ) F(s,u(s), w(s), u"(s), u" (5))ds

0

|Tu|op = max
0<t<1

/0 LGt 9) F(s,uls), o (5), u'(s), u” (5))ds

= max
0<t<1
1
< pu—
|Tuly < 3 d0r1<1ta<X1/O G(t,s)ds =d,

/ ot G(t,s)f (s u(s),u'(s),u"(s),u"(s))ds

[(Tw)'|o = Iax

G(t s)f(s,u(s),u'(s),u”(s),u"(s))ds

- 0<?<1 ot
24 19 8
< g ) g0t e)ds = 5,

1 92 , " "
[ S5 GE) f(suls),u (5), 0" (), 0" ()

[(Tu)"]o = max

L 82 / " n
< uax [5G0 (s,u(s). 0l (5). ' (5), " (5)) | ds
24 1192 12
< S [ |5aG0)ds =
n ! 83 !/ " "
(Tu)"lo = guax | [ 5569 (s, u(s),u' (), 0" (5), " (5))ds
Lo / " "
< max [ 25l 9)f(s,uls), o/ (s), ' (5), " (5)) | ds
24 1193 24
Thus
8 !/ 12 1 24 "
Tull = maa{ [Tulo, Z|(TuaY o, () o, - |(Tw)"lo | <.

i.e, Tu € 084 So, by Leray-Schauder fixed point theorem, 7" has a fixed
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point u* € €, which is a solution of the problem (2.1), (2.2). Noticing that
f(¢,0,0,0,0) # 0. So v = 0 is not a solution of the problem (2.1), (2.2), there-
fore |u*|p > 0. From (2.9) we know that «*(¢) is nondecreasing and concave
on [0, 1], thus u*(t) > t|u*|o > 0 for ¢t € [0, 1]. So, u*(t) is a positive solution of
the problem (2.1), (2.2). This completes the proof.

2.3 Application
Consider the following problem FBVP

u® () = You(t) + D' (8) — S () — L () + 83 + 1,

(2.13)
uw(0)=u (1) =u" (0)=u"(1) =0
Set
t 7515 tll 3t
) = Lug(t) + S aa(0) = Souat) = Thg(t) + 0 41,
and
t tll Bt
ao(t) = ;g, ar(t) = t'°, ay(t) = T as(t) = gg, ag(t) =3 + 2,

It is easy to prove thata; € L'[0, 1], i = 0, 1,2, 3,4, are nonnegative functions,
f(t,0,0,0,0) =3+ 1 #0.
Moreover, we have

1 1 1 1 1 1
B== [Ca(s)ds+3 [ai(s)ds+ [ ax(s)ds+ [ as(s)ds
3 Jo 2 Jo 0 0

'
15 s
3/ 26d+2/ ds+/ 4ds+/ Vs

3
- DY 2<1,
117+32+48+236 0,0732 <

and for any

p

21 10,51 [=p,0] x [0,

(t,UO,Ul,Ug,Ug) € [07 1] X [07 9

and f satisfies

f(t, Up, U1, U2, Ug) < ao(t)U() + al(t)ul — ag(t)UQ — ag(t)U'g, + a4(t).

where
A= / as(s)ds = ,p A(l — B)™t ~2,4277.

Hence, by Theorem 2.2.2, the FBVP (2.13) has at least one positive solution
u* in C*([0, 1]) such that

* *\/ *\ *\ /11
3 max w*(f) < 2 max (u”)'(t) < max|—(u")"(t)] < max[~(u")"(t)] < p.
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Chapter 3

Solvability For A Nonlinear
Fourth-Order Three-Point
Boundary Value Problem

3.1 Introduction

In this chapter, we study the existence of nontrivial solution for the fourth-
order three-point boundary value problem having the following form

uB () + f(t,u(t) =0, 0<t<l, (3.1)

" "

uw(0)=0, u (0)=u"(0)=0, u(1)=au(n), (3.2)

wheren € (0,1),a € R, a # 1, f € C([0,1] x R,R). By using Leray-Schauder
nonlinear alternative, we prove the existence of at least one solution of the
posed problem. As an application, we also given some examples to illustrate
the obtained results.

3.2 Preliminaries

Let £ = C([0, 1]) with the norm given by ||y|| = sup;c( ) [y(t)], for any y € E.
A solution u(t) of the BVP (3.1) — (3.2) is called nontrivial solution if u(t) # 0.
To get our results, we need the following lemma.

3.21 Lemma
Lety € C([0,1]), a # 1, then boundary value problem

u () +yt) =0, 0<t<l,

" " /7 /

w(0) =0, w(0)=u (0)=0, u(l)=au(y),
has a unique solution

u(t) =~ [ (=sPyls)dst

at
2(1 — )

[ a=srusas— " [M-sPuts)s.

2(1 — )
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Proof. Rewriting the differential equation as u®(t) = —y(¢) and integrating
four times from 0 to ¢, we obtain
1 3 2
u(t) = ~5 (t — 5)%y(s)ds + 6¢ + Sa +teo + cs. (3.3)

By the boundary conditions (3.2), we have

"

U(O) = 07 U/,(()) =Uu (O) == O, Ze Cl =C3=C= O7
and v (1) = au'(n), and thus we get

1 «Q

Cy = 2(1 ~ a) /01(1 — S)Qy(s)ds — 2(1 — a) /0”(77 B 3)2y(s)ds. (3.4)

Using the equations (3.4) and (3.3), we obtain

u(t) = fli (t—s)y (s)ds—|—2<1 t_ o) /01(1—3)2y(3)d3—2(1a_ta) /On(T]—s)2y(S)d3‘
Define the integral operator 7' : E — E, by
1t 3 t ! 2
Tu(t) = ~5 (t —35)°f(s,u(s))ds + 20— a) /0 (1 —39)*f(s,u(s))ds—
2(1a_ta) /On(n —5)%f(s,u(s))ds. (3.5)

By Lemma 3.2.1, the BVP (3.1) — (3.2) has a solution if and only if the opera-
tor 7" has a fixed point in £. So we only need to find a fixed point of 7" in F.
By Ascoli-Arzela theorem, we can prove that 7" is a completely continuous
operator.

Remarque. For prove that the operator 7" is completely continuous, we ap-
ply the same method of the previous proof of chapter 2.

3.3 Existence of Nontrivial Solutions

In this section, we prove the existence of a nontrivial solution for the BVP
(3.1) — (3.2). Suppose that f € C([0,1] x R,R).

3.3.1 Theorem

Suppose that f(¢,0) # 0, a # 1, and there exist nonnegative functions &, h €
L0, 1] such that

|f(t,2)| < k(t)|z| + h(t), ae. (t,z)€[0,1] xR,

o
s)d )2k (s)d / —8)%k(s)ds < 1.
6/ 8+2|1—a| (s) s—|—2|1_ | s)? s <

Then the problem (3.1)—(3.2) has at least one nontrivial solution v* € C([0, 1]).
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Proof. Let

ol 7

—5)%k(s)d

M=~ /1 s)d / —5)2k(s)d
5 s) s+2|1_a| s)°k(s)ds+

ol 7

1 ! 1 1
N=-[(1-s? [ (1-s)?
6/0( 5) h(s)ds+2’1_@‘/0( SPhis)ds+sr= o |

Then M < 1. Since f(t,0) # 0, there exists an interval [a, b] C [0, 1] such that
ming<<p |f(£,0)] > 0. As h(t) > |f(t,0)], a.e. t € [0, 1], we know that N > 0.

Let A=N(1-M)'tand Q={u€ E: ||Ju]] < A}. Letu € 92 and \ > 1 be
such that Tu = Au. Then

(n—=s5)*h(s)ds.

A= Aluf = |Tull = max |(Tw)(t)]

< égg%/o?t—s)ﬂf(s,w Dlds + g 1 [ (1= 97 (s
+ o[ = 971G s
< G L=l + g [ Pl s + oY
< [0 = 915 u(s)las
< (g [ 0= PRl + g [ PRl >|ds+2|1'“‘ |
< =PRI+ [g [ 1= s + g [0 = o)
b g [ = spaas
= Mlul| + N.
Therefore,
)\§M+]X:M+N(1iVM)_1:M+(1—M):1.

This contradicts A > 1. By Leray-Schauder Nonlinear Alternative, T has a
fixed point u* € €. In view of f(¢,0) # 0, the problem (3.1) — (3.2) has a
nontrivial solution u* € E.

This completes the proof.
3.3.2 Theorem

Suppose that f(¢,0) # 0, @ < 1, and there exist nonnegative functions &, h €
L0, 1] such that

|f(t,x)] < k(t)|z] + h(t), ae (t,x)€]0,1] x R.

If one of the following conditions is fulfilled
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(1) There exists a constant p > 1 such that

6(1— a)(1 +2)"/1(1 + 3" PG =)
(1 N Oé)(l + 2q)1/q + 3(1 + 3q)1/‘1(1 + |Oé|7](1+2‘I)/Q) ) p g = .

1

/ EP(s)ds < |
0

(2) There exists a constant ;@ > —1 such that

(L) )R BEWETH o oy
(=) +@rm+lappen 0“0 20

(1= +p)2+p)B+p)(4+p)
(1 —a)+ 4+ p) 1+ |afp*r)

(3) There exists a constant i > —3 such that

k(s) <

meas{s € [0,1] : k(s) < st} > 0.

6(1—a)(3+p)(4+p)
(1= )3+ ) +3(L+ [al)(E+ )

6(1 —a)B+m)(4+p
(1 =)+ p) +3(1+ |a])(4+ )

k(s) < (1—s9)*, ae s€]0,1],

meas{s € [0,1] : k(s) < (1—29)"}>0.

(4) k satisfies

24(1 — )
k(s) < A=)+ 401 1 [aP)’ a.e. se€0,1],

24(1 — )
(1—a)+4(1+|aln?)

Then the problem (3.1) — (3.2) has at least one nontrivial solution u* € E.

meas{s € [0,1] : k(s) < } > 0.

Proof. Let M be defined as in the proof of Theorem 2.3.1. To prove Theo-
rem 2.3.2, we only need to prove that M/ < 1. Since a < 1, we have

el

/ {(1=5)2k(s)ds+ S [ or=s)2(s)as.

1 , 1
M= 6/0 (1= K(s)ds 37—

(1) Using the Holder inequality, we have

1 P 1/p 1/t 39.3.11/q 1 ! 293411/ |a|
M < [/0 kP (s)ds]" {8[/0 (1—s)*ds]"/ +2(1_@)[/0 (1=s)ds]'f +mx
[ sy
TRy D U -
S[/O k(s)dSJ/[6<1+3q 2(1—a)(1+2q
< 6(1 — a)(1+ 2¢)"/9(1 + 3¢)/* X
(1= a)(1+2q) "+ 3(1 +3¢) /(1 + [afn(+20/)

(1 — a)(1+2¢)"/9 + 3(1 + 3¢)/4(1 + |a|n1+29)/9)
6(1 — a)(1+ 2q)Y9(1 + 3q)'/4

)1/(1 )1/q |Oé| ( n

=1.
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(2) In this case, we have

M < Sl [ChDICRaDICRa DiCha) [(15 /01(1—8)35“ds+ /01(1—3>25“d3+

(1—a)+ (44 p) 1+ |afpPtH) 2(1 - a)
o " 2.1
2(1_a)/0(n—5)3d5]
< (1—a)(1+u)(2+u)(3+u)(4+u)[ 1 N
T (o) + @)+ falptt) I+ )2+ ) (3 + ) (4 + )
1 1 1 T

C-a) 0+ W2+ mB i (1-a) (1+u)(2+u)(3+u)]
1-a)A+w2+mB+p@E+p)  (L—a)+ @+ p)(l+|alr*™)

(1=a)+@+p)d+alp) (=) +p) Q2+ )@+ )+ np)

(3) In this case, we have

I R ) R PO B T
M< 0BT w30+ )@+ ) 5./, 0-9) d8+2(1—a)/0 (1=s) ™ dst
2(1’():’ ) /077(77 —5)%(1 — 5)"ds]

61— )3+ p)E+ 1) Lt 3p 1 Lo ot
S T—a)B+u) +30+la)d+n) [6/0 (1=s)"" ds+2(1_a)/0 (1—5)**"ds+

|O'/| ! 24-p
2(1_a)/0 (1 — 5)2Hds]

 G0-)BewEtn  (-a)E+m 430+l

(1 =a)B+p) +3(1+|a)(4+p) 6(1 — )3+ p)(4+ p) '
(4) In this case, we have

24(1 — a) 1 1 L o
M< a4+ o) 6., 0= AT f a9 At om — o)
JRCEERE
_ 24(1 — «) (1—a)+4(1+ |aln?) .

(1—a)+4(1+ |an?) 24(1 — «)
This completes the proof.

3.3.3 Theorem

Suppose that f(¢,0) # 0, « > 1, and there exist nonnegative functions k, h €
L0, 1] such that

|[f(t,z)| < k(t)|x| + Rh(t), ae. (t,z)e]0,1] xR.

If one of the following conditions holds
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Problem
(1) There exists a constant p > 1 such that
1 6(— 1)(1 +29)/7(1 + 3¢) "
EP(s)ds < Po(-+-=1
/0 ()ds < =T 127 730 + 3701 + ez » GHg =Y

(2) There exists a constant i > —1 such that

B+p)d+u) ,

(0= V(1 + W)@+ s
T+ aap ) st ae. s€0,1],

(-1 +@+n)

(=D +p)2+p)B+p)4+p)
(@ = 1) + (4 + p)(1 + )

(3) There exists a constant i > —3 such that

k(s) <

— | —

meas{s € [0,1] : k(s) <

st} > 0.

6( — 1)(3 + ) (4 + 1)
(@a=1)B4+p)+3(1+a)4+pn)

6la—1)B+m)E+p

k(s) < (1—9)*, ae s€]0,1],

meas{s € [0,1] : k(s) < CENCE R +04)(4+M)(1 —s)H} > 0.
(4) k satisfies
24(ac — 1)
k(s) < -1+ a1 rar) a.e. s€|0,1],
meas{s € [0,1] : k(s) < 24{a — 1) }>0

(a—1)+4(1 + an?)

Then the problem (3.1) — (3.2) has at least one nontrivial solution u* € E.

Proof. Let M be defined as in the proof of Theorem 3.3.1. To prove Theo-
rem 3.3.3, we only need to prove that M/ < 1. Since a > 1, we have

M = é/ol(l—s)3k(s)ds+2<al_ D /01(1—8)2k(8)d8+2(;_1)/On(n—s)Qk(S)dS-

(1) Using the Holder inequality, we have

<] 1 kp(s)ds]l/p{é[ / 1(1—3)3qu]1/q+2 ! / 1(1—3)2st]1/q+2 (aa_ 5
FRCEDREE
L ek 1 1 1, a '
= [/0 7 (5)ds]' 5053y o a—1\ 1125 / a—1112g )

6(a — 1)(1 +2¢)(1 + 3q)/9 y
(o —1)(1 +2¢q)Y2 + 3(1 + 3¢)V/9(1 + an(i+29)/q)
(a = 1)(1 +2¢)"9 + 3(1 + 3¢) /(1 + an+20)/4)
6(a — 1)(1 +2q)Y (1 + 3¢)1/a

<

=1.
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(2) In this case, we have

v o @ DA+ WG+ )+ p) [é /01(1—3)35“d8+

(—1)4+ (4+ p)(1 4 an3th) /0 (1—s)*s"ds+

2(a—1)
2(@_1)/0 (n — s)*s"ds]
_(a=1)0+pm)2+mB+p)d+p)  (a—1)+ @+ p)(1+an’™)
(@ =1+ @&+ p) (L +an®™)  (a=1L+p) 2+ )3+ p)(4+p)

(3) In this case, we have

6(a —1)(34 p)(4+ p) 1

M < (a—l)(3+u)+3(1+a)(4+u)[6

1 1 1
/0 (1—s)**ds+ CESY /0 (1—s)2ds+

o) J, (190 =)
< fo ~ DB+ + 1) [1 /1(1—8)3+“ds+ ! /1(1—3)2+“ds+
T (a—=1)B+pu) +3(1+a)(d+p) 6 Jo 2(a—1) Jo
e (aa_ : /0 "1 = )2tedg]
_ 6(ar —1)(3+ p)(4 + ) (a-DEB+u+30A+a)d+p) _
(@=1B+p +3(1+a)d+p)  6(a—1)3+mu)(4+p) '

(4) In this case, we have
24(a — 1) ] , 1 , o
(@ —1)+4(1 +an3)[6/o (L=s)ds+ 50— /0 (L= s)dst o9y
JRCEDES

B 24(a — 1) (@ —1)+4(1 + an?)
C(a—1)+4(1+anP) 24(a — 1)
This completes the proof.

M <

=1

3.3.4 Corollary

Suppose f(t,0) # 0, @« < 1, and there exist nonnegative functions k,h €
L0, 1] such that

1f(t,z)| < k(@®)|z| + h(t), ae. (t,2)€[0,1] x R.

If one of following conditions is holds
(1) There exists a constant p > 1 such that

6(1 — a)(1 +29)"9(1 + 3¢)"/ Sl 1
(1 —a)(1+2¢)"/7+3(1+3q)/e(1 + ’a|>] , G- =1)

/01 kP(s)ds < |

p q
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(2) There exists a constant . > —1 such that
A=)+ mEC+wB+mi+p
e ECE [ R
meas{s € [0,1] : k(s) < (1=a)1+p)E2+wB+umE+n st} > 0.

(1 =)+ @+ p)(1+|af)
(3) k satisfies

24(1 — a)

k(s) < A=)+t ]a)’ a.e. s€[0,1],
24(1 — @)

(1—a)+4(1+al)

Then the problem (3.1) — (3.2) has at least one nontrivial solution u* € E.

meas{s € [0,1] : k(s) <

}>0.

Proof. In this case, we have

o
2(1 — )

M = é/ol(l—s)3k(s)ds+2(11_&)/()1(1—8)2k(s)ds+

/On(n—s)Qk(s)ds

= 2/01(1—3)3k(3)d3+2<1 - o) /ol<1_5>2k(5)d5+2(1 —a) /ol(l—s)zk(s)ds

== [ sPrs)s + 21(1+_‘02> [ 1= sph(s)as

Now, the proof follows, by using the same method as the one used in the
proof of Theorem 2.3.2. The proof is complete.

3.3.5 Corollary

Suppose that f(¢,0) # 0, @ > 1, and there exist nonnegative functions &, h €
L0, 1] such that

|f(t,x)| < Kk(t)|x] + h(t), ae. (t,x)€e0,1] xR.

If one of the following conditions holds
(1) There exists a constant p > 1 such that
6(ov — 1)(1 +2¢)"/9(1 + 3¢)"/4 11
(@ —1)(1+2¢)"1+ 3(1 4 3¢)Y9(1 + ) P q

1
/ kP(s)ds < |

0
(2) There exists a constant ¢ > —1 such that

@ DR,
a—D+@+rpira o o s€1)

(= 1)(1+p)2+ p)3+ p)(4+ p)
(a—1)+ A+ p)(1+a)

k(s) <

meas{s € [0,1] : k(s) < st} > 0.




3.4. Examples 27

(3) k satisfies

k(s) < @ _2f)(i;(i)+ a)’ a.e. s€[0,1],

24(a — 1)
(a—1)+4(1+a)} >0

Then the problem (3.1) — (3.2) has at least one nontrivial solution u* € E.

meas{s € [0,1] : k(s) <

Proof. In this case, we have

M= é/ol(l—s)?’k(s)derQ(al_l)/01(1—5)2k(s)ds+2(0;1_1)/On(n—s)Qk(s)ds
< 6/ (1—5)° ds+2(a1_1) /1(1_8)2k(5)ds+2(0f)‘_1)/01(1_3)2;@(3)013
=5 / (1—s)® s+ 2(1a+_a1) /1(1 — 5)%k(s)ds.

The rest of the proof follows in the same way as in the proof of Theorem 3.3.3.
This completes the proof.

3.4 Examples

In order to illustrate the above results, we consider some examples.

3.4.1 Example

Consider the three-point boundary value problem

u + Zusinu—1t-2=0, 0<t<1,
(3.6)
u(0) =0, u"(0)=u"(0)=0, «'(1)=—3u'(1/2).

Setn=1/2,a=—-3#1,and

t
f(t,x) = —=xsinx —t — 2,

V2
k(t)y=t, h(t)=t+2,
It is easy to prove that k, h € L'[0, 1] are nonnegative functions and
|f(t, )] < k(t)|z] + h(t), ae. (t,xz)€]0,1] xR,
Moreover, we have

o
2|1 —al Jo

/ "1 )2k(s)ds+ (—s)%k(s)ds

1 1 1
M:f/ 1—5)3k(s)d
6 0< s)k(s) S+2|1—oz| 0

1/21
6/ (1—3s) 3sds 4+ = / (1—2s) sd$+8/ f—s sds:0.019<1.
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Hence, by Theorem (3.3.1), the BVP (3.6) has at least one nontrivial solution
u*in .
3.4.2 Example

Consider the three-point boundary value problem

U+ 2(T+tu—e'+1=0, 0<t<l,
(3.7)
u(0) =0, «"(0)=u"(0)=0, wu'(1)=—2u'(1/4).

Setn=1/4,a = -2<1,and

3 t
f(t,z) = %(7+t)x—e +1,

k() — ;(7+t), h(t) = e +1.

It is easy to prove that k, h € L'[0, 1] are nonnegative functions and
F(t,2)] < k@le] + h(t), ae (t2)€[0,1] x R,
Let p = ¢ = 2, such that % + % =1, then

1 11 169
p — Z 2ds = —=
/0 kP(s)ds / 4(7+S) ds TE

0
Moreover, we have

6(1 — a)(1+2q)Y9(1 + 3q)"/9
(1 —a)(1+2¢)Y2 + 3(1 + 3q)V4(1 + |a|n(+20)/a)

[

[P = 49.454.

Therefore,

6(1 — ) (14 2q)"9(1 4 3q)"/9
(1 —a)(1+2q)Y4+ 3(1 + 3¢q)Y4(1 + |a|n(+20)/a)

]P

/01 EP(s)ds < |

Hence, by Theorem 3.3.2 (1), the BVP (3.7) has at least one nontrivial solution
u'in B.

3.4.3 Example

Consider the three-point boundary value problem

U(4)+9(§)Lju)cosu—et—1:0, 0<t<1,

(3.8)
uw(0) =0, « (0)=u"(0)=0, u(1)=—4u'(1/3).

Setn=1/3,a =—-4<1,and

ta?

t
P - - 1
9(5 ;E) COS T € s

f(lf,l”) =
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1
k(t) = b h(t) = e + 1.

It is easy to prove that k, h € L'|0, 1] are nonnegative functions and
|f(t,x)] < k(t)|z| + h(t), ae. (t,z)e]0,1] xR.
Let y=1> —1, then

(1 —a)(X+p)2+ p)(3+ p)(4+p)

= 58.559.
(1 —a)+ (4 + )1+ |afpts)

Therefore,
1
k(s) = g% < 58.559.s,

(I—a)d+p)2+p)B+pM+np)
(I —a)+ 4+ p)(1+ |alp*th)

Hence, by Theorem 3.3.2 (2), the BVP (3.8) has at least one nontrivial solution
u*in E.

meas{s € [0,1] : k(s) < st} > 0.

3.4.4 Example

Consider the three-point boundary value problem

W st -3 =0, 0<t<l,

(3.9)
u(0) =0, u' (0)=u"(0)=0, u'(1)=—6u(1/2).
Setn=1/2,a =—-6 <1, and
5z ) 4
ft,x) = ST )= sinx +1* — 3,
) = — > Bt =t +3
S 8(1—t)"% N '
It is easy to prove that k, h € L'[0, 1] are nonnegative functions and
(L) < k(D)2 + (1), ae. (t2)€[0,1] x R.
Let u =2 > —3, then
6(1 — )34+ pu)(4+p) _ 1260
(1-—a)B+u)+3(1+]a))(4+p) 161"
Therefore, - 1960
_ Y o 2 I o 2
1-— 4
meas{s € [0,1] : k(s) < —OU=DEFEWEEL 3 Sy g

(1 =)@+ p) +3(1+ |af)(4 + p)

Hence, by Theorem 3.3.2 (3), the BVP (3.9) has at least one nontrivial solution
u'in E.
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3.4.5 Example

Consider the three-point boundary value problem

U(4>+5(§fu)+et_3:o, 0<t<l,
(3.10)

u(0) =0, «"(0)=u"(0)=0, wu'(1)=—5u'(1/5).

Setn=1/5,a=-5<1,and

f(t,%): +€t_37

53+ z)

k(t) = h(t) = €' + 3.

!

57

It is easy to prove that k, h € L'[0, 1] are nonnegative functions and
|f(t,x)| < k(t)|z] + h(t), ae. (t,z)€[0,1] xR.

Moreover, we have

24(1 — a) 1800
(1—a)+4(1+ |alp?) 127"
Therefore,
s 1800
k(s) == < —— 1
(s) 5< 197" s €[0,1],
24(1 — «)

meas{s € [0,1] : k(s) < }>0.

(1= ) +4(1 + |afn®)
Hence, by Theorem 3.3.2 (4), the BVP (3.10) has at least one nontrivial solu-
tion u* in E.

Remark

We can give similar examples for Theorem 3.3.3, Corollary 3.3.4 and Corol-
lary 3.3.5.
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Conclusions

In this thesis, we have proved the existence of at least one nontrivial solution
and the existence of positive solution for nonlinear fourth-order boundary
value problem.

In this work, we concluded that this method was used in the chapter 3,
we can apply to any boundary value problem with posed all sufficient con-
ditions to prove the existence of at least one nontrivial solution. For example,
we can applied to boundary value problem involving integral boundary con-
ditions.

We concluded that we could apply the method the Banach contraction
principle for prove existence and uniqueness of solution of fourth order bound-
ary value problem in the problem is presented in sam chapter.

Also, we concluded that the method was used in chapter 2, we can apply
to nonlinear sixth-order boundary value problem, with all conditions suffi-
cient for Green function.

We have also come to the conclusion that putting a problem in form —u® () =
q() f(t,u(t), v (t),u"(t),v"(t)), 0 <t < 1,lead to prove existence of nega-
tive solution for fourth order boundary value problem in same chapter. That
is, by an inverse problem.
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